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Motivation

- Autonomous mobile robots move - Odometry!
around in the environment. Robot
Therefore ALL of them: » RODLOL

- | know how fast the wheels turned =>
- | know how the robot moved =>
- | know where |l am ©

- They need to know where they are.
- They need to know where their goal is.
- They need to know how to get there.
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Robotics

Odometry

- Robot:
- | know how fast the wheels turned =>
- | know how the robot moved =>

- | know where l am ©

- Marine Navigation: Dead reckoning (using heading sensor)

- Sources of error (AMR pages 269 - 270):

- Wheel slip
- Uneven floor contact (non-planar surface)

- Robot kinematic: tracked vehicles, 4 wheel differential drive..
- Integration from speed to position: Limited resolution (time and measurement)

- Wheel misalignment
- Wheel diameter uncertainty
- Variation in contact point of wheel
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Mobile Robots with Wheels

- Wheels are the most appropriate solution for most applications

- Three wheels are sufficient to guarantee stability

- With more than three wheels an appropriate suspension is required

- Selection of wheels depends on the application
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The Four Basic Wheels Types |

- a) Standard wheel: Two
degrees of freedom; rotation
around the (motorized) wheel
axle and the contact point

- b) Castor wheel: Three
degrees of freedom; rotation
around the wheel axle, the
contact point and the castor
axle
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The Four Basic Wheels Types Il

- ¢) Swedish wheel: Three
degrees of freedom; rotation
around the (motorized)
wheel axle, around the
rollers and around the
contact point

- d) Ball or spherical wheel:
Suspension technically not
solved

Swedish 45°
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Characteristics of Wheeled Robots and Vehicles

- Stability of a vehicle is be guaranteed with 3 wheels

- center of gravity is within the triangle with is formed by the ground contact point of the
wheels.

- Stability is improved by 4 and more wheel
- however, this arrangements are hyperstatic and require a flexible suspension system.

- Bigger wheels allow to overcome higher obstacles
- but they require higher torque or reductions in the gear box.

- Most arrangements are non-holonomic (see chapter 3)
- require high control effort

- Combining actuation and steering on one wheel makes the design complex
and adds additional errors for odometry.
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Different Arrangements of Wheels |

- Two wheels ]

— & Center of gravity below axle
[ ]

- Three wheels
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Omnidirectional Drive  Synchro Drive



Different Arrangements of \Wheels ||

- Four wheels

- Six wheels
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Uranu S, CMU:: omnidirectional Drive with 4 Whesls

- Movement in the plane has 3 DOF

- thus only three wheels can be

independently controlled

- It might be better to arrange three

swedish wheels in a triangle
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MARS ReSCue RObOt Tracked Differential Drive

- Kinematic Simplification:

- 2 Wheels, located at the
center




Robotics ShanghaiTech University - SIST - 05 March 2026

Differential Drive Robots
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Ackermann Robot

- No sideways slip than differential
drive during turning ©

- Cannot turn on the spot ®

INFCAES
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noducion: MIODIl@ Robot Kinematics

- Aim
- Description of mechanical behavior of the robot for design and confrol
- Similar to robot manipulator kinematics

- However, mobile robots can move unbound with respect to its environment

- there is no direct way to measure the robot’s position
- Position must be integrated over time

- Leads to inaccuracies of the position (motion) estimate
->the number 1 challenge in mobile robotics
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Kinematics vs. Kinetics

Kinematics:

L 11

» Greek origin: “motion”, “moving”

» Describes motion of points and bodies

» Considers position, velocity, acceleration, ..

» Examples: Celestial bodies, particle
systems, robotic arm, human skeleton

Kinetics:
» Describes causes of motion
» Effects of forces/moments

» Newton’s laws, e.q., FF = ma

Kinematics and Control Slides:

Andreas Geiger
https://uni-tuebingen.de/fakultaeten/mathematisch-
naturwissenschaftliche-
fakultaet/fachbereiche/informatik/lehrstuehle/autono
mous-vision/lectures/self-driving-cars/



https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
https://uni-tuebingen.de/fakultaeten/mathematisch-naturwissenschaftliche-fakultaet/fachbereiche/informatik/lehrstuehle/autonomous-vision/lectures/self-driving-cars/
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What are kinematics?

- Describes the motion of points, bodies (objects), and systems of objects
- Does not consider the forces that cause them (that would be kinetics)
- Also known as “the geometry of motion”

- For robotics:
- Describes the motion of the vehicle

- Puts position/orientation in relation with
translational/angular velocities and accelerations

- Used for regularization, prediction, etc.
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What are kinematics?
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What are kinematics?

- It does not stop at acceleration, but theory involves an arbitrarily high number

of derivatives:
Jerk

Position

Velocity
2 3 _I_ S Acceleration

1 1 Jerk
0(t) = 60 +wot + jaot” + ¢ + ...

Pop

Jerk equations: minimal setting for solutions showing chaotic behavior! — y



Robotics ShanghaiTech University - SIST - 05 March 2026

In practice

- Often we use finite models to simplify/smoothify the system

- Locally constant acceleration

1
x(t) = xg + vot + §a0t2

- Locally constant velocity

x(t) = X9 + vot
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Why do we want to introduce kinematic models

- For prediction

- E.g.: If we have an initial estimate, we can use a kinematic model
to generate a prior pose at a later point

- For smoothness

- E.g.: If we estimate poses, we may constrain their difference to be consistent with some
prior or measured velocity

- To impose constraints
- E.g.: The motion may be more specific and include kinematic constraints

- For control
- E.g.: Knowledge of how the system is moving is beneficial for reaching the goal pose



COORDINATE SYSTEM
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Right Hand Coordinate System

- Standard in Robotics A2
- Positive rotation around X is

anti-clockwise - ) Y
- Right-hand rule mnemonic:

- Thumb: z-axis
- Index finger: x-axis T
- Second finger: y-axis
- Rotation: Thumb = rotation axis,
positive rotation in finger direction
- Robot Coordinate System:
- X front

- Zup (Underwater: Z down)
- Y 2?7

Right Hand Rule http://en.wikipedia.org/wiki/Right-hand_rule



http://en.wikipedia.org/wiki/Right-hand_rule
http://en.wikipedia.org/wiki/Right-hand_rule
http://en.wikipedia.org/wiki/Right-hand_rule
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With respect to the robot start
pose:
Where is the robot now?

.a Two approaches — same result:
o
X « Geometry (easy in 2D)

F F
R[2] R[3] \ « Transforms (better for 3D)
4

X
& FRrix] : The Frame of reference

y
* Frpa] ™ (the local coordinate system) of the

Fri) Robot at the time X

O <.
u »

Frio]
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Use of robot frames Fgx

(coordinates (0, 0)

Og[x1P : position vector from Ogx; to

y | . x
pointP - (y)
« Object P is observed at times 0 to 4
« Object P is static (does not move)
 The Robot moves
(e.9.- Frio] # Frp1])
« =>(X,Y) coordinates of P are
different in all frames, for example:
¢ OR[O]P == OR[l]P
A
O
0
Fe &=

Frio]
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Position, Orientation & Pose

* Position:
X
. (y) coordinates of any object or point (or another
y frame)
* withrespect to (wrt.) a specified frame
5 4
V Fri1) e Orientation:
1 * (0) angle of any oriented object (or another
frame)
~ —30° * with respect to (wrt.) a specified frame
* Pose:
1 X
. <y> position and orientation of any oriented
C]
1T object
Frio] = * with respect to (wrt.) a specified frame

ORJo]
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Translation, Rotation & Transform

Translation:

X
. (y) difference, change, motion from one reference

y frame to another reference frame

Rotation:
« (0) difference in angle, rotation between one
reference frame and another reference frame

Transform:

X
. <y> difference, motion between one reference

Q)
frame and another reference frame

Frio]

ORJo]
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Position & Translation, Orientation & Rotation

*  Fgx; : Frame of reference of the robot at time X
* Where is that frame Fg[x; ?
* (Can only be expressed with respect to (wrt.)
another frame (e.g. global Frame F;) =>
* Pose of Fgix) wrt. Fg

¢ OR[X]OR[X+1] . POSition OfTR[X+1] WI‘t. :FR[X]

SO 0R[X+1] wrt. “FR[X]

A R[X]
— R[X+1]

t : Translation
* The angle ® between the x-Axes:

*  Orientation of Frx41) Wrt. Frix

R[)?-I[-)HR : Rotation Of:FR[X+1] wrt. TR[X]

A
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Transform
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R[X]

R[X +1]t : Translation

 Position vector (X,y) of R[X + 1] wrt.
R[X]

R[)? PHR : Rotation

* Angle (@) of R[X + 1] wrt. R[X]

R[X]
RIX] rix+1]t
R[X+1]" — R[X]R

R[X+1]

e Transform:
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Geometry approach to Odometry

We want to know:
« Position of the robot (x, y)
« Orientation of the robot (0)

A X
y « =>together: Pose (y)
Q)
ST v IF With respect to (wrt.) F; : The global frame; global
R[1]

coordinate system

0
Frio) = Fe = “Frpo) = (0)
0

4.5

G __ Rlo]
TR[l] = R[1]T ~ (3.2)
30°
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Mathematical approach: Transforms

Where is the Robot now?

The pose of Fgx; with respect to F;
y | (usually = Fgpo ) |s the pose of the robot

R[2] -
% } {} at time X.

4 This is equivalent to R[XCjT

* I N rix+1]T = riT g
T'

-- ria)T = often: Fg = Frpo] =

O <.
u »
\

\

RHT Frz) Fr3]
R|2
ﬁ{ﬂT 4 Chaining of Transforms
é R[X

= id



TRANSFORMS & STUFF ©




e ey
100 1 0 X WO O
010 01y OHO
001 001 001

Affine Transformation (F
| [{w.0)
- Function between affine spaces. Preserves: L
* points, . o o
_ _ Rotate about origin Shear in x direction Shear in y direction
- straight lines [cose sin® 0 ] [1 A o] [1 0 o]
-sin® cos 6 0 010 B1O
- planes 0 o0 1 001 001
- sets of parallel lines remain parallel Y1 "Tan 01
+ Allows: | | | | F]LO) (1,B)
. Interestlpg for Robotics: translation, rotation, (scaling), I 1 I T
and chaining of those (oS B, -sin 6)
- Not so interesting for Robotics: reflection, shearing,
homothetic transforms Reflect about origin Reflect about x-axis Reflect about y-axis
- 398 (338 [3%¢]
. . cosg  sing X 001 00 1 00 1
- Rotation and Translation: |—sin8 cos8 Y 2 y y»\(o )

0 0 1
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Math: Rigid Transformation

- Geometric transformation that preserves Euclidean distance between pairs of
points.

- Includes reflections (i.e. change from right-hand to left-hand coorinate system
and back)
- Just rotation & translation: rigid motions or proper rigid transformations:

- Decomposed to rotation and translation
- => subset of Affine Transofrmations

- In Robotics: Just use term Transform or Transformation for rigid motions
(without reflections)
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Lie groups for transformations

- Smoothly differentiable Group - SO: Special Orthorgonal group
- No singularities - SE: Special Euclidian group
- Good interpolation - Sim_ilarity transform group
Group Description Dim. Matrix Representation
SO(3) 3D Rotations 3 3D rotation matrix
SE(3) 3D Rigid transformations 6 Linear transiormation on
homogeneous 4-vectors
SO(2) 2D Rotations 1 2D rotation matrix
SE(2) 2D Rigid transformations 3 Linear transformation on
homogeneous 3-vectors
: 3D Similarity transformations Linear transformation on
Sim(3) . : 7
(rigid motion + scale) homogeneous 4-vectors

http://ethaneade.com/lie.pdf



http://ethaneade.com/lie.pdf
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Transform

P
Ap -~
Bp
FB A %
Op
Transform

between two
coordinate frames

“p
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Notation | Meaning
Frix) Coordinate frame attached to object ‘R’ (usually the robot)
at sample time-instant k.
ORrx) Origin of Frp. |
Rk For any general point P, the position vector (’)R[k]P resolved
Fa in fR[k]-
5 Hin The x-axis direction of Fr resolved in Fy. Similarly, HyR,
¢ H7r can be defined. Obviously, Rgr = &;. Time indices can
be added to the frames, if necessary.
SR[%]]R The rotation-matrix of Fgp with respect to Fry.
SRt The translation vector OrOs resolved in Fg.

TR “p+ Gt
ST(*p).

Gp _ E:R gt Ap GT_ Et
Et%OGOA resolved in Fgq I )] \Oixps 1 1 AT = ER

c0s —sin@ ﬁtx'
sinf@  cosf ﬁty
| 0 0 1 |
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Transform: Operations

1_)
A
P % | F¢ Transform between two coordinate CR At + Gt
Pp frames (chaining, compounding): };T = (\;T '['}T ={ 8 gE e
% " R 3R
FB Lo Gt
Op ApT A
Inverse of a Transform : B Amp-1 _ J—BR gt
erse of a Transfo ST = 4T :{ %RT

Relative (Difference) Transform : ET = &7} ET

See: Quick Reference to Geometric Transforms in Robotics by Kaustubh Pathak on the webpage!
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Gp  RIXl, 4 Gy Gy
. ] GT =  GT R[X]T _ RIX]™ R[X+1] RIX1*| _ ) R[x+1]
Chaining :  rx+iT = rixiT gxenyT = Rl [

rixR g R[X+1]

I Gy 7 i G - G Ge T R[X]
t COS @ —sin 6 t t
In 2D Translation: R[X“g x e R[)g R[X] R[Xg X R[):[';]] X
rix+1]ty| — |sin R[X]H COS R[X]H r[x]ty R[X+1]ty
. 0 1 1] 4

In 2D Rotation:

: R[X] R[X]
cos R[X+1Cj9 —sin R[X+1Cjel lcos R[XﬁH —sin R[X]H CoS R[X+1]9 —sin R[X+1]9

R[X]
X+1]9_

G
R[X+1]R =

RIX ]9 COS g

sin R[X+1]9 COS R[X+1]9

X
In 2D Rotation (simple): R[X+1Cj — R[X]H T R[XJH‘9
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In ROS: nav_2d msgs/Pose2DStamped

- Fi ' : Gp — G R[X]
First Messag.e at time 97 : G rix+iT = R8T rixsn]T
- Message at time 103 : X
- Next Message at time 107 : X+1 std msgs/Header header
R[X_ uint32 seqg
_ time stamp
R[X+1' tx string frame 1id
R[X: geometry msgs/Pose2D pose2D
't float64d x
R[X+1]7Y float64 vy
float6d theta
R[X]
®
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3D Rotation

- Many 3D rotation representations:
https://en.wikipedia.org/wiki/Rotation formalisms in three dimensions

- Euler angles:

- Roll: rotation around x-axis

- Pitch: rotation around y-axis | 4

. . Roll Axis %
-+ Yaw: rotation around z-axis Yaw Axis
- Apply rotations one after the other...
« => Order important! E.g.:
* X-Z-X; X-y-Z, Z-y-X; ...
- ® Singularities
- Gimbal lock in Engineering

 "a condition caused by the collinear alignment of
two or more robot axes resulting in unpredictable

robot motion and velocities"



https://en.wikipedia.org/wiki/Rotation_formalisms_in_three_dimensions

ShanghaiTech University - SIST - 05 March 2026

Robotics

3D Rotation

- Axis Angle
- Angle 6 and

- Axis unit vector e (3D vector with length 1)

-+ Can be represented with 2 numbers (e.g.
elevation and azimuth angles)

- Euler Angles: sequence of 3 rotations
around coordinate axes g

equivalent to:

- Axis Angle: pure rotation around a single
fixed axis
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3D Rotation

‘

- Quaternions:

- Concatenating rotations is computationally faster
and numerically more stable

- Extracting the angle and axis of rotation is simpler d

- Interpolation is more straightforward | —
. . Roll Axis

+ Unit Quaternion: norm = 1 Yaw Axis

* Versor: https://en.wikipedia.org/wiki/\Versor
https://en.wikipedia.org/wiki/Quaternions and spatial rotation ~

- Scalar (real) part: g, , sometimes gq,, |& = pO ‘|’pa:1‘|'py.] +pzk
- Vector (imaginary) part: q
- Over determined: 4 variables for 3 DoF (but: unit!) i° = ]2 =k2= ijk = —1

(3)

- Check out: https://eater.net/quaternions ! . T
Excellent interactive video... a=(w0 & a o)



https://en.wikipedia.org/wiki/Versor
https://en.wikipedia.org/wiki/Quaternions_and_spatial_rotation
https://en.wikipedia.org/wiki/Quaternions_and_spatial_rotation
https://eater.net/quaternions
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Transform in 3D Rotation Matrix 3x3
1 0 0
Matrix Euler Quaternion R,(0) = |0 cost —smd
c C 0 sinf cosf
Gy — [ St [ at) _ [ at ] o
A — \c — | Gx cos# 0 sind
O1x3 1 A0 Ad
R)=| 0 1 0
_—sin6 0 0059_
G T ‘cosfl —sinf 0]
®£1(0,.,0,°0
A (r p y) R.(0) = |sinf cosf 0
0 0 1]
In ROS: Quaternions! (w, X, y, z) R = R.(a) Ry(8) Rz(7)

Uses Eigen library for Transforms yaw = a, pitch = B, roll = y



Robotics ShanghaiTech University - SIST - 05 March 2026

void getEulerYPR (const A &a, double &yaw, double &pitch, double
double getYaw (const A &a)

I . A getTransformldentity ()
I g e n Eigen::lsometry3d transformToEigen (const geometry_msgs::msg::Transform &t)

Convert a timestamped transform to the equivalent Eigen data

Eigen::lsometry3d transformToEigen (const geometry_msgs::msg::TransformSta

. DO n !t h ave to deal With the d eta i IS Of Convert a timestamped transform to the equivalent Eigen data

geometry_msgs::msg::TransformStamped eigenToTransform (const Eigen::Affine3d &T)

tra n Sfo rm S too m u Ch @ Convert an Eigen Affine3d transform to the equivalent geometr

geometry_msgs::msg::TransformStamped eigenToTransform (const Eigen::Isometry3d &T)
Convert an Eigen Isometry3d transform to the equivalent geom

template<>

o C onvers | ons b etween RO S an d E | g en: void doTransform (const Eigen::Vector3d &t._in, Eigen::Vector3d &t

Apply a geometry_msgs TransformStamped to an Eigen-specifi
used in tf2_ros::Bufferinterface::transform because this functior

geometry_msgs::msg::Point toMsg (const Eigen::Vector3d &in)

https://docs.ros2.org/foxy/api/tf2_eigen/namespa Cor (o Eicen Vecrfs 1o/ Poirt Mok sar o TR itun e

ces. html void fromMsg (const geometry_msgs::msg::Point &msg, Eigen::Vec
Convert a Point message type to a Eigen-specific Vector3d type

geometry_msgs::msg::Vector3 & toMsg (const Eigen::Vector3d &in, geometry_msgs::msg::Vectc
Convert an Eigen Vector3d type to a Vector3 message. This fu

void fromMsg (const geometry_msgs::msg::Vector3 &msg, Eigen::\
Convert a Vector3 message type to a Eigen-specific Vector3d t)

Matrix3f m; template<
m = AngleAxi sf ( angle 1 Vector3 feo Unit 7 ( ) ) void doTransform (const if2::Stamped< Eigen::Vector3d > &t_in, tfZ
, e o . Y
* Ang leAxi sf ( angle 2 , Vector3f:: UnitY ( Apply a geometry_msgs TransformStamped to an Eigen-specifi
Z(

* Ang 1 eAxi sf ( angle 3 , Vector3f::Un lt ) ) : geometry_msgs::msg::PointStamped toMsg (const if2::Stamped< Eigen::Vector3d > &in)

Convert a stamped Eigen Vector3d type to a PointStamped me

void fromMsg (const geometry_msgs::msg::PointStamped &msg, tf

https://eigen.tuxfamily.org/dox/group Geometry Module.html Convert a PointStamped message type to a stamped Eigen-spe



https://docs.ros2.org/foxy/api/tf2_eigen/namespaces.html
https://docs.ros2.org/foxy/api/tf2_eigen/namespaces.html
https://eigen.tuxfamily.org/dox/group__Geometry__Module.html

